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Abstract. Iterated Grassmannian bundles over moduli stacks of vector bun- 
dles on a curve are shown to be birational to an affine space times a moduli 
stack of degree vector bundles, following the method of King and Schofield. 
Applications include the birational type of some Brill-Noether loci, of moduli 
schemes for vector bundles with parabolic structure or with level structure and 
for A. Schmitt's decorated vector bundles. A further consequence concerns the 
existence of Poincare families on finite coverings of the moduli schemes. 



Introduction 

Let C be a smooth projective algebraic curve of genus g > 2, say over an alge- 
braically closed field fc, and let L be a line bundle on C . A. King and A. Schofield 
PT] have proved that the coarse moduli scheme Q3unr,L of stable vector bundles E 
on C with rk(i?) = r and det(£') = L is rational if the highest common factor h of 
r and deg(L) is 1. The present paper generalises this result to vector bundles with 
some extra structure, e.g. with paraboHc structure in the sense of [SU]. In that 
case, we obtain that the moduli scheme is rational if the highest common factor h 
of rank, degree and all multiplicities is 1, improving results of 

This highest common factor h also governs the existence of Poincare families: 
Standard methods [221 Chapter 4, §5] construct e. g. a Poincare family on the coarse 
moduli scheme of stable parabolic vector bundles if /i = 1, whereas Ramanan jlM] 
has proved that there is no Poincare family on any open subscheme of QSun^.L if 
h ^ 1. We provide here a common source for such results on the rationality of 
coarse moduli schemes and on the existence of Poincare families on them: Our 
main theorem 15 . II states that the moduli stack of fixed determinant vector bundles 
with extra structure is birational to an affine space A* times a moduli stack Burih ]^^ 
of rank h vector bundles with fixed determinant Lq of degree 0. 

The proof of this theorem requires to carefully keep track of something as in- 
conspicuous as the scalar automorphisms of the vector bundles E on C. In some 
sense, this is already implicit in the King-Schofield proof, namely in their notion 
of weight |21l p. 526] and in their Brauer class 'ipr,d - which can be interpreted 
as the obstruction against a Poincare family. But the (admittedly more abstract) 
stack language helps to clarify and generalise here, for example to arbitrary infinite 
base field k (as long as C has a fc-rational point). Apart from that, we basically 
follow the method of The moduli stack Burir^L is shown to be birational to a 
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Grassmannian bundle over Burir^.Li for some ri < r if r does not divide deg(L); 
then induction is used. 

A new ingredient in our proof is the refinement 13 . 1 31 of Ramanan's theorem men- 
tioned above; it allows to extend our results to vector bundles with extra structures 
parameterised by iterated Grassmannian bundles over BurirXi a-nd it also yields 
that finite coverings of the coarse moduli scheme can only admit Poincare families 
if their degree is a multiple of h, cf. corollarv l5.3l 

The structure of this text is as follows: Section ^ presents the moduli stacks 
that this paper deals with, and collects some basic information about them. In 
section |5J we introduce the notions of G„i-stack and of Gm-gerbe in order to sys- 
tematically distinguish 'scalar automorphisms'. Section |3 and section 01 deal with 
vector bundles and the associated Grassmannian bundles on such stacks, respec- 
tively. Finally, section El contains statement and proof of the main theorem as 
well as some consequences and examples, including vector bundles with parabolic 
structure, Brill-Noether loci and A. Schmitt's decorated vector bundles. 

I wish to thank J. Heinloth for numerous explanations and fruitful discussions 
about these moduli stacks, in particular for his help in proving 13.131 and 13.81 I 
also thank the Tata Institute of Fundamental Research in Bombay for support and 
hospitality while this text was written. 

1. Moduli stacks of vector bundles on a curve 

Let k be an infinite field, and let C be a geometrically irreducible, smooth pro- 
jective curve over k of genus g > 2 which has a rational point P e C{k). This paper 
deals with moduli spaces of vector bundles E on C from a birational point of view. 

Remark 1.1. Usually, such questions have been studied over algebraically closed 
fields k or even over A: = C. Working over more general base fields does not make 
a big difference for our arguments due to lemma []~5l below, but it has some minor 
technical advantages; see for example remark fl. 41 ii. 

By an algebraic stack M over fc, we always mean an Artin stack M that is locally 
of finite type over k (but not necessarily quasi-compact); a standard reference for 
these notions is PSj. Recall that M can be given by a groupoid M.{S) for each k- 
scheme 5, a functor f*:Ai {S) Ai (T) for each morphism of fc-schemes f : T ^ S 
and isomorphisms of functors (fog)* = g*°f*- Such stacks over k form a 2-category: 
A 1-morphism ^ : M ^ M' can be given by functors $(5) : M{S) M'{S) and 
isomorphisms of functors /* o $(5*) = $(r) o /*; a 2-morphism r : <I>i =4« $2 can 
be given by natural transformations t{S) : <I'i(iS') ^ ^2(8) ■ In all this, one can 
replace the base field k more generally by a noetherian ring A. 

Two irreducible algebraic stacks M and M' over k are called birational if some 
open substacks 9 ^ U C M and % ^ U' Q M' are 1-isomorphic, and stably 
birational ii x A4 and A'^ x A4' are birational for some s, s' G N. 

Example 1.2. We denote by Bmir^d the moduli stack of vector bundles E on C 
with rank r > 1 and degree d G 1^. More precisely, Bunr.d{S) is the groupoid of all 
vector bundles £ on C x^, with rank r and degree d over every geometric point 
of S, and /* : BuUr.diS) — > Bunr^d{T) is 'the' usual pull-back functor. 

Example 1.3. Given a line bundle L of degree d on C, we denote by BuUr^L ^ Burij-^d 
the (reduced) closed substack of vector bundles E on C with det{E) = L. More 



RATIONALITY AND POINCARE FAMILIES 



3 



precisely, Bunr^L{S) C Bunr^d{S) is the full subgroupoid of all vector bundles £ on 
C Xk S for which dct{£) is Zariski-locally in S isomorphic to the pull-back of L. 

The basic properties of the algebraic stacks Burir^d and Burir^L can be found for 
example in JS| or the appendix of ^S]: They are smooth over k by standard 
deformation theory, dimfc Sitn^^d — r^{g — 1) and dimk Burir^L — ^^(5 ^ 1) ~ 5- 
Moreover, they are geometrically connected, hence geometrically irreducible. 

Remarks 1.4. i) Sending a vector bundle i? on C to the line bundle det(£') defines 
a smooth morphism det : BuUr^d Pic''(C) to the Picard scheme of C. Its fibre 
over the /c-point given by a line bundle L of degree d on C is precisely Burir^L- 

ii) Let K — /c(Pic'*(C)) be the function field, and let the line bundle C on C<SikK 
be the generic fibre of a Poincare family. Then the moduli stack Burirx over K is 
precisely the generic fibre of det. Thus birational results for fixed degree moduli 
spaces follow from their analogues for fixed determinant moduli spaces; this allows 
us to concentrate on the latter in the sequel. 

Lemma 1.5. Every open substack (I) ^ hi C Burir^L contains a k-rational point. 

Proof. This follows from the well-known unirationality of BuUr^L- More precisely: 
We consider the open substack in BuUr^L of vector bundles E with H^(i<^) — 
which are generated by H°(i?). Twisting by a sufficiently ample line bundle on C, 
we may assume that it is nonempty; we may even assume that it contains U by 
shrinking the latter. 

Now let U C Hom(L'i"'*i,Oc+^) be the open subscheme of nonzero morphisms 
ip : j[,duai _^ whose cokernel is torsionfree. Sending if to its cokernel defines a 

morphism BuUr^L] we claim that its image contains U. This implies that 

<I>~^(W) is nonempty and open in the affine space Hom(L'^"''\ O^"^^) over k, so it 
contains a fc-rational point; its image under $ is then a fc-rational point in U. 

To prove the claim, we may assume that k is algebraically closed. Let i? be a 
rank r vector bundle on C which is generated by H''(i5); it suffices to construct a 
surjection O^^^^^ -» E since its kernel will be isomorphic to det(ii^)'^"'^'. We follow 
an argument of Ramanan |H4I Lemma 3.1] who attributes the result to Atiyah. 

Let A C C X H°(i?)''"'"-'^ be the closed subscheme where the r+ \ universal sections 
do not generate E. The restriction A^; of A to a point x € C{k) is the inverse image 
under the surjective evaluation map H°(i?)''+^ E^x^^ of all r + 1-tuples that do 
not generate the fibre E^ = k"^; by linear algebra, the latter has codimension 2 
in E'!^'^^, so A3, has codimension 2 in H°(i?)''+^. Thus A has codimension 2 in 
C X H°(i?)''+^, so its projection to H°(ii;)'"+^ has codimension > 1. This shows that 
there is indeed a surjection E. □ 

Remark 1.6. The above lemma implies that fc-points are dense in Bun^^d if and 
only if they are dense in the Jacobian Jc = Pic°(C). The latter is easily seen to 
hold if C{k) is infinite. On the other hand, an example with Jc{k) finite due to 
Faddeev JHI is the Fermat curve C C with equation ^ = over fc = Q. 

Remark 1.7. The same arguments as for Bun^^d show in fact that the moduli stack 
Cohr^d of coherent sheaves F on C with rank r and degree d is algebraic, smooth 
of dimension {g — l)r^ over k and irreducible; cf. for example the appendix of |18j . 
One still has a determinant morphism det : Cohr,d — > Pic''(C), e. g. by [213 P- 37]. 

This includes in particular the case r = and d > 0, whereas of course Coho^d = 
for d < 0. If r > 1, then ^ Buur^ C Cohr,d is an open substack, thus dense. 
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The following further examples of algebraic stacks will also be used in the sequel. 

Example 1.8. We denote by Veci„ the moduli stack of n-dimensional vector spaces 
over k; more precisely, Vect„(S') is the groupoid of rank n vector bundles on S. 
Vectn is 1-isomorphic to the stack quotient BGL„ of Spec(fc) modulo the trivial 
action of GL„; thus it is algebraic, smooth of dimension —n^ over k and irreducible. 

Example 1.9. Let ^ be a finitely generated /c-algebra, and let F^, be for — 1,2 
a coherent sheaf on C Xfc Spec (A) which is flat over A and whose restriction to 
each point of Spec(^) has rank and degree d^. We denote by £xt{F2, Fi) the 
moduli stack over A of extensions of F2 by Fi; more precisely, £xt{F2, Fi){S) is the 
following groupoid for each ^-scheme p : S Spec (A): 

• Its objects are the exact sequence — > p*Fi — > p*^2 of coherent 
sheaves on C Xj. S; note that J- is automatically flat over S. 

• Its morphisms are the OcxfcS-module isomorphisms J- ^ T' that are com- 
patible with the identity on p*Fi, for v — 1,2. 

Lemma 1.10. £xt(F2, Fi) is algebraic, of finite type and smooth of relative dimen- 
sion (g — l)rir2 + rid2 — r2di over A, with all its fibers geometrically irreducible. 

Proof. Using |20[ Prop. 2.1.10], we can find an injective morphism i : E' ^ E of 
vector bundles on C x^. Spec (A) with cokernel F2. One checks immediately that 

(1) £xt{F2,Fi) ^£xt{E,Fi) 



Spec(A) — ^ £xt{E', Fi) 

is a 1-cartesian diagram; here is given by the trivial extension Fi (BE'. 

We choose an open afhne covering X = U Li V and put Ua ■— U Spec (A), 
Va .— V Xk Spec (A). This yields a Cech complex 

C'{E,Fi) = Hom(^ I u^,Fi\u^)® Hom(^ | v^,Fi\v^)^ Rom{E\ u^nv^, Fi\u^nvJ 

whose differential S sends two morphisms au over Ua and ay over Va to ajj — ay 
over V A n Va. We denote the associated Picard stack j^J Exp. XVIII, 1.4] by 
C^(E,F\)IC'^{E,F\); this is by definition the stack generated by the prestack M. 
consisting of the following groupoid M.{S^ for each A-scheme p : S ^ Spec(A): 

• Its objects are the 1-cochains (p e C^{E, Fi) ®a ^{S, Os). 

• Its morphisms a : (p ^ ip are the 0-cochains a S C^{E,Fi) ®a T{S,Os) 
with 5{a) — — ip. 

• Its composition law is the addition of 0-cochains. 

If an object </? of M.{S) is given, then id -I- is an automorphism of the trivial 
extension p*Fi (Bp*E over {U CiV) Xk S; using it to glue the trivial extensions over 
U Xk S and over V Xk S, we obtain an object of £xt{E, Fi){S) which we denote by 
J-^. Sending ip to J-^ defines a fully faithful functor 

(2) M{S) — > £xt{E,Fi){S) 

because for every morphism a : J-^p J-^ in £xt{E, Fi){S), its restrictions au to 
U Xk S and ay to V Xk S form a morphism 1^9 -0 in Ai{S) and conversely. 
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The functors lO are compatible with puU-backs along morphisms / : T ^ 5* of 
schemes over A, so they induce a 1-morphism of stacks over A 

(3) C^{E,Fi)/C"{E,Fi) — >£xt{E,Fi) 

which is in fact an isomorphism because 10) is essentially surjective for affine S, 
since p*E is then projective over U S and over V Xk S. The same holds for E' 
instead of E, and the 1-isomorphism (PJ commutes with i* by construction. 

We denote the mapping cone of i* : C'{E, Fi) -> C'{E', Fi) by C"(F2, Fi); this 
is a length 2 complex of flat A-modules whose cohomology is finitely generated over 
A by EGA III |13| 2.2.1]. Hence there is a quasi- isomorphism 

V = [V" -^V^ ^ V^] ^ C'{F2,Fi) 

from a length 2 complex of finitely generated flat A- modules , i.e. of vector 
bundles on Spec(A); cf. ^1 6.10.5 and 7.7. 12. i]. For each A-algebra B, we have 
H^iV ®A B) = Ext''(F2 ®A B, Fi ®A B) by construction. If B is a field, then Ext^ 
vanishes since C is a smooth curve; hence 5^ : —>■ V'^ is surjective by Nakayama's 
lemma, and replacing by its kernel if necessary, we may assume — 0. In this 
situation, it is straightforward to check that the diagram of Picard stacks 

(4) FVl/O ^C\E,F,)/C''iE,F,) 



Spec{A)^^C\E',F,)/C'>{E',Fi) 

is 1-cartesian as well; here /V'^ is by definition the stack quotient of the total 
space Tot(y^) modulo the action of the algebraic group V^/A given by (5°. Compar- 
ing the diagrams £3) and (0J shows that £xt{F2, Fi) and V^/V° are 1-isomorphic; 
using the Riemann-Roch formula for rk(y'') — rk(V^), the lemma follows. □ 

By a vector bundle V of rank n on a stack A4 over fc, we mean a 1-morphism 

V : Ai ^ Vectn- So V assigns to each object £ of Ai{S) a vector bundle V{£) on 
the fc-scheme S, in a suitably functorial way; cf. Prop. 13.3.6]. More explicitly, 

V is given by a functor V{S) : M{S) Vectn{S) for each fc-scheme S, and an 
isomorphism of functors /* o V{S) ^ V(T) o /* for each /c-morphism f -.T —* S. 

Examples 1.11. We fix ri,r2 > 1 and two line bundles Li,L2 on C. 

i) By semicontinuity, there is an open substack 7^ W C BuUr^Xi ^ -^^71^2X2 of 
vector bundles Ei,E2 for which dimExt^(£^i, £^2) is minimal, say equal to e. The 
vector spaces Hom(i?i,i52) are the fibers of a vector bundle IIom(£""'^, f™'^) on 
U due to the theory of cohomology and base change in EGA III ^1 Prop. 7.8.4], 
using that U is locally noetherian and reduced. According to Riemann-Roch, its 
rank is rk(Hom(£p^, £2™''')) = (1 - 9)rir2 + n deg(L2) - r2 deg(Li) + e. 

ii) We moreover fix a vector bundle Ei on C with rk(i?i) = ri and det(i?i) ^ Li. 
Similarly, there is an open substack ^ W^_^ C Bunr2,L2 where dim Ext {Ei,E2) is 
minimal, say equal to eg^, and on that a vector bundle IIom(_Ei, £^2"'^) with fibers 
YLou\{Ei,E2). This Hom(£;i,£:^"'^) is the restriction of Hom(£:}'"'^, 5^'"^) to the 
moduli point of Ei if the latter is general, more precisely if e^j^ = e. 

iii) Arguing as in ii for the other variable, we also obtain for each vector bundle 
i?2 on C a vector bundle Hom(f E2) on an open substack ^ U'^^ C Burin, Li- 
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As in j21| . a key ingredient to our main result will be a variant of Hirschowitz' 
theorem ^J] that the tensor product of two general vector bundles is nonspccial. 
More precisely, we will use the following: 

Proposition 1.12. Given ri > r2 > 1 and two line bundles Li, L2 on C with 

(5) deg(L2)A2 - deg(Li)/ri > .g - 1, 

there is a surjective morphism Lp : Ei ^ E2 of vector bundles on C with rk(_Bi/) = r^ 
and det(i?i/) = such that Ext^(i?i, E2) = 0. 

Proof. Like |21[ Lemma 2.1], this proof is similar to the one given by Russo and 
Teixidor Thm. 1.2] for Hirschowitz' theorem itself. Since these references don't 
cover the fixed determinant case that we need, we recall the main arguments here. 

Let 7^ Z/^ C BuUri^Li X ^uUr^^Li be the open substack of vector bundles Ei and 
E2 with dim Ext {Ei,E2) minimal, say equal to e. According to generic flatness 
|14[ §6.9], there is an open substack ^ in the total space of the vector bundle 
Hom(f .£'2"'^) over U such that the cokernel of the universal family (p™''^ of 
morphisms (p : Ei ^ E2 is flat over A4 . Then the image of (^""'^ is is also flat over 
A4 , hence a vector bundle over C Xk Ai, say of rank r and of degree d over every 
point of M. Since M{k) ^ <!> according to lemma n~5l it suffices to show e = 0, 
r = r2 and d = deg(L2)- Note that r > by assumption © and Riemann-Roch. 

By construction, Ai is an irreducible smooth algebraic stack over k with 

(6) dimM = {g- l){rl + rl) - 2g + (1 - g)r^r2 + r^ deg(L2) - r2 deg(Li) + e 

due to Riemann-Roch. On the other hand, sending tp : Ei E2 to its kernel, 
image and cokernel defines a 1-morphism 

M > V C Sunri_r,dog(Li)-d X BuUr^ X Co/l,,2_r^dcg(L2)-d 

to the closed substack V of triples Fi, F, F2 with det(Fi,) ® det(F) = for 
V = 1,2. Now T) is irreducible of codimension 2g (since ri — r > and r > 0), so 

(7) dim X> = (5 - 1) [(ri - rf + + (r2 - rf] - 2g. 

The points Lp : Ei ^ E2 yci Ai with given image in D correspond to extensions 

^ kcr((^) El ^ imltis) — * and iin(¥') E2 ^ cokei{ip) 

that satisfy the open conditions 'F2 torsionfree' and 'dimExt^(Fi, F2) < e'; using 
lemma [T.IUI this means that Ai is smooth over V of relative dimension 

dim — dim I? = (g — l){ri — r)r + (ri — r)d — r(degLi — d) 
+ (5 - l)r{r2 - r) + r(deg L2 - d) - (r2 - r)d. 
Combining the dimension formulas ©, ijTJl and Q yields 

(9) (ri - r)(degL2 - d) - {r2 - r)(degLi - d) + e = (5 - l)(ri - r){r2 - r). 

Now suppose r < r2. The image of Ai in BuUr^.Li x Bunr2,L2 is open and dense, 
so it contains a pair Ei , E2 of stable vector bundles on C Consequently, the slopes 
/Xi/ := (degL^ — d)/{ru — r) of ker((/5) and coker(c/?) satisfy < deg(Li)/ri and 
deg(L2)/?'2 < /^2- On the other hand, /i2 — Mi ^ 5 ~ 1 by equation @. This leads 
to a contradiction with our assumption (jSjl , thereby proving r = r2 . 

Now equation @ reads (ri — r)(degL2 — d) + e = 0. But d < deg(L2) because 
otherwise Co/ir2-,-,dcg(L2)-(i would be empty, ri — r > ri — r2 > by hypothesis 
and of course also e > 0; thus we conclude deg(L2) = d and e = 0. □ 
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2. Gm-STACKS AND 



-GERBES 



Definition 2.1. A Gm-stack Ai — t) over k consists of an algebraic stack A4 
over k together with a group homomorphism t{£) : T{S,Og) Aut_A4(5-)(f ) for 
each fc-scheme S and each object £ of the groupoid A4{S) such that the diagrams 



r(5,o 




Aut^(S)(£:) 



and r{S, 0*s) 

r 

r{T, o^) 



Aut^(5)(£:) 



.(/*£) 



Aut^(s)(£') r(r,0^)^^Aut^(T)(/*^) 

commute for each morphism Lp : £ £' in M.{S) and each fc-niorphism f : T —> S. 

Examples 2.2. The moduh stacks of vector bundles Burir^d and Bmir^L are in a 
canonical way Gm-stacks: The multiplication by scalars defines a canonical homo- 
morphism i,{£) : T{S, Og) Aut{£) for each fc-scheme S and each vector bundle £ 
on C Xk S; the functoriality conditions above are obviously satisfied. 

Definition 2.3. A G^-stack {M,l) is a Grn-gerbe if l{£) : T{S, 0*s) -> AntM(s){£) 
is an isomorphism for every fc-scheme S and every object £ of Ai{S). 

Examples 2.4. The open substacks Bun^^^f' C Burir^d and Burf^f^ C Burir.L of 
geometrically stable vector bundles i? on C are Gm-gerbes. 

Proof. Geometrically stable vector bundles E in C are known to be simple, i. e. 
End(i?) = k ■ ids- If S" is a fc-scheme and £ is a vector bundle on C xj. S whose 
restriction to each point of S is simple, then the theory of cohomology and base 
change in EGA III 13; shows End(£) = T{S,Os) ■ ids. (Strictly speaking, ^ 
applies only if S is locally noetherian, but standard limit arguments allow us to 
assume that.) Hence l{£) : T{S,Og) — > Aut{£) is indeed an isomorphism. □ 

Example 2.5. If 971 is an algebraic space locally of finite type over k, then the stack 
:= 971 Xfc BGm is a Gm-gerbe over k in an obvious way. 

Definition 2.6. Let {M.,l) and (A^', t') be Gm-stacks over k. A 1-morphism 
^ : Ai ^ Ai' has weight w G Z if the diagram 



T{S,0*s) 
(-)" 



u(£) 



Aut 



M{S) 



'(*(£)) 



*(5) 



Aut^,(5) ($(£)) 



commutes for every fc-scheme S and every object £ of the groupoid A4{S). 

Example 2.7. There is a canonical 1-isomorphism Burir.L ^ Bun^ ^da^i of stacks 
over fc which has weight —1: It sends a vector bundle £ on C 5* to £'^^^^ and an 
isomorphism ip : £i ^ £2 of vector bundles on C x^, S" to ((^^i)'^"^' : ff"^' 6^^"^^ 

Lemma 2.8. Let {A4,l) and (A4',l') be G„i-gerbes over fc. If M is connected, 
then every 1-isomorphism $ : yVf — > M' has weight 1 or has weight —1. 

Proof. Let 5 be a fc-scheme, and let £ be an object of Ai{S). For each morphism 
of fc-schemes / : T — > 5, we consider the group isomorphism 

r(T, 05,) - Aut^(T) (/*£)— Aut^,(T) (<!>(/*£)) = r(r,OT). 
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As T varies, these form an automorphism of the group scheme over S. Hence 
5' is a disjoint union of open subschemes 15*+ and S- where this automorphism is 
the identity and A ^ A~^, respectively. This shows that Ai is the disjoint union of 
open substacks 7W+ and where $ has weight 1 and weight —1, respectively; 
since is connected, one of these is empty. □ 

Recall that the coarse space 9Jt associated to an algebraic stack over k is the 
fppf-sheafification of the functor (Schemes/A;)°P Sets that sends each fc-scheme 
S to the set of isomorphism classes in the groupoid M.{S). We say that 9Jt is a 
scheme or an algebraic space if this sheafified functor is representable by such. 

Examples 2.9. The coarse spaces associated to the G„i-gerbes Bunf^^ and Bunf'f' 
are the usual quasiprojective coarse moduli schemes Sun^.d and *Bunr,L of stable 
vector bundles E on C. We denote by ^Bun^^d C Sunr^d and by 58un,-,L C <8unr,L 
the natural compactifications given by semistable vector bundles. 

Remark 2.10. Each Gm-gerbe A4 in the sense above is a gerbe with band G,„ over 
its coarse space M in the sense of [HI Def. IV.2.2.2]; cf. also ^ Rem. 3.19]. This 
justifies the terminology 'Gm-gerbe'. 

Lemma 2.11. Let DJl be the coarse space associated to a Gj^-gerbe M. over k. 

i) ^ is an algebraic space locally oj finite type over k. 

ii) The canonical 1-morphism tt : — > 971 is faithfully flat of finite presentation. 
Hi) The induced map of points \tt\ : \M\ — > is a homeomorphism for the 

Zariski topologies defined by 25, Def. II. 6. 9] and |2(il 5.5]. 

Proof. Due to [SGJ Cor. 10.8], 971 is an algebraic space, and tt is faithfully flat and 
locally of finite presentation. The induced map |7r| : \A4\ |9Jt| is automatically 
continuous, and it is bijective by the definition [261 Def. 5.2] of point; |7r| is also 
open since tt is flat |2KI Prop. 5.6]. This proves iii; in particular, tt is quasicompact, 
which completes the proof of ii. Using 2.7.1 and 17.7.5], ii implies that 9H is 
locally of finite type over k because Ai is so, by our convention on stacks. □ 

Remarks 2.12. i) The coarse space n : M ^ Tl associated to a Gm-gerbe Ai over 
k is by definition universal for morphisms from A4 to algebraic spaces over fc; in 
particular, 9Jl is reduced if M is. Part iii of the above lemma 1^ . 1 1 1 implies that 9Jl 
is irreducible if Ai is. Hence 9Jl is integral if Ai is. 

ii) If irreducible Gm-gerbes Ai and Ai' over k are birational, then their coarse 
spaces 97t and Tl' are birational as well, due to the above lemma l^.lll iii again. 

A G„i-gerbe A4 is called neutral if the canonical 1-morphism to its coarse space 
TT : A4 ^ VJl admits a section s : Tl ^ A4. If this is the case, then there is a 
1-isomorphism Ai ^ Tl x BG„i of weight 1 according to [201 Lemme 3.21]. 

Remark 2.13. Lemma r2.11l ii above implies that every Gm-gerbe Ai over k is locally 
neutral for the fppf-topology on its coarse space 971. 

Definition 2.14. Let tt : A4 Tl he the coarse space associated to a G^-gerbe 
Ai over k, and let p : S" — > 9JI be a scheme over 971. A Poincare family on S is an 
object £ of A4{S) whose classifying morphism C£ : S ^ Ai satisfies p — tt o eg . 

Let S ^ ^yi ^ AA still be a scheme over the coarse space 9Jl of a G^-gerbe Ai. 
Then S := M x^xr S is a. G^-gerbe with coarse space S; this G„i-gerbe is neutral if 
and only if there is a Poincare family £ on S. 
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3. Vector bundles on Gto-gerbes 

Definition 3.1. Let {A4,l) be a Gm-stack over k. A vector bundle V on has 
weight w G Z if the diagram 

i-r v(s) 

commutes for every fc-scheme S and every object £ of the groupoid Ai{S). 

Example 3.2. The trivial vector bundle O" on any Gm-stack A4 has weight 0. 

Examples 3.3. Given a point P e C{k), we denote by fp"^ the restriction of the 
universal vector bundle on C x Burir.L to {P} x BuUr.L — Burir^L- 

i) fp"'^ is a vector bundle of weight 1 on Burir.L- 

ii) (£ui"v-jduai jg ^ vector bundle of weight —1 on Burir^L- 

Examples 3.4. We fix r e N, a line bundle L and a vector bundle F on C. Using 
the notation of the examples II. 11 1 ii and iii, we have: 

i) The vector bundle Hom(i^, f "'^'^) on Up C Burir^L has weight 1. 

ii) The vector bundle Hom(f F) on Up C Burir^L has weight —1. 

Example 3.5. The formalism of determinant line bundles j24| yields a line bundle 
£det on Burir^L whose fibre over any point [E] is detH''(i?) ® det~ H^(£'). This 
>Cdet is a line bundle of weight r(l — g) + deg(L) on Burir^L by Riemann-Roch. 

We recall that vector bundles V on a fixed algebraic stack Ai over k form a cat- 
egory; a morphism V ^ W of such vector bundles can be described by a morphism 
V{£) yV{£) of vector bundles on the fc-scheme S for every object £ of Ai{S). 

Lemma 3.6. Let vr : — > 271 6e the coarse space associated to a Gm-gerbe A4 
over k. Sending V to V '^*{V) defines an equivalence between the category of 
vector bundles V on ^XH and the category of weight vector bundles V on A4. 

Proof. We claim that the inverse equivalence is given by the functor tt, from quasi- 
coherent Oyn-modules to quasicoherent Ogji-niodules Prop. 13.2.6 (iii)]. Thus 
we have to show that tt, sends weight vector bundles V on to vector bundles 
V on dJl and that the two adjunction morphisms 7r*7r,V — > V and V —>■ 7r^T:*V are 
isomorphisms. All this can be verified locally in the fppf-topology on 071, so we may 
assume that the Gm-gerbe A4 is neutral; this special case is easy to check. □ 

Example 3.7. If deg(L) — r{g — l)^ then the determinant line bundle £det on BuUr^L 
has weight 0; thus its restriction to Bunff^ descends to Sunr,L by lemma In 
fact, Cdct descends to a line bundle £dct on Sun^.L by [231 Prop. 4.2]. 

Corollary 3.8. Let V be a vector bundle of weight on an irreducible (Gm-gerbe 
A4 over k. Then V is trivial on some open substack 9 ^ U ^ A4. 

Proof We have V = 7r*(F) for a vector bundle F on 971. gS] Prop. II.6.7] states 
that some open subspace 7^ il C 971 is a scheme; hence V is trivial on some open 
subscheme 7^ ?7 C iX, and V is trivial on U := tt^^ (U) . □ 
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Lemma 3.9. Let A4 be a Gm-gerbe over k with coarse space n : A4 9Jl. This 
Gm-gerbe is neutral if and only if there is a line bundle C of weight 1 on A4. 

Proof. If A4 is neutral, say M = DJl x BG„i, then pulling back the canonical line 
bundle L"'"^ of weight 1 on BGm yields a line bundle of weight 1 on . 

Conversely, suppose that there is a line bundle £ of weight 1 on A4, and let 
p : Tot(>C)* ^ Mhe the complement of the zero section in its total space. We claim 
that p is a section for tt, i. e. that nop : Tot(£)* — s- is a 1-isomorphism. This can 
be checked locally in the fppf-topology on OK, so we may assume 7W = 9Jt x BGm. 
Now C and the pull-back of L""'^ differ by tensoring with a weight line bundle, so 
they are isomorphic locally in the fppf-topology on 9Jl by lemma hence we may 
even assume that C is the pull-back of L""'^. This special case is easy to check. □ 

Lemma 3.10. Let A4 be an integral G^-gcrbe over k with coarse space M. 5IJt. 

i) There is a vector bundle Vi of weight 1 on some open substack % ^lAi C 

ii) The generic fibre of the algebra bundle EndiVi) on lAi descends to a central 
simple algebra A over the function field k(pyt). 

Hi) The Brauer class [^] G Br(fc(9Jl)) of the central simple algebra A in 

ii does not depend on the choice of Ui and Vi made in i. 

iv) Any two vector bundles V, V of the same rank n and weight w on open 
substacks ^L{,U' C are isomorphic on some open substack 7^ U" GU nW . 

v) There is a vector bundle of given rank n and given weight w on some open 
substack 7^ W C if and only if the index of w ■ ipM G Br(fc(9Jt)) divides n. 

vi) There is a Poincare family £ on some integral, generically finite scheme S 
of given degree n over 9Jt if and only if the index of ipM itself divides n. 

Proof. Replacing the base field k by the function field fc(9Jt) and M by the Gm- 
gerbe M Xot Spec(fc(2Jl)) over it, we may assume 971 = Spec(A:); then the only open 
substack % Q M \sU = M itself. 

i) Due to Hubert's NuUstellensatz, there is a finite field extension ki Z) k with 
M.{ki) ^ 0. Then the Gm-gerbe Mi := M Spec(fci) is neutral, so there is a hue 
bundle £1 of weight 1 on A^i by lemma Since the first projection pr : TWi M 
is finite, flat and has weight 1, we get a vector bundle pr,£i of weight 1 oti Ad. 

ii) Let Vi be a vector bundle of weight 1 and rank m onUx = M. The vector 
bundle EndiVi) of weight on and its multiplication descend to an algebra A 
of dimension over k by lemma With /ci , pr : 1 ^ and Ci as in i, 

A(E)kki^ End(pr*Vi) ^ End(pr*Vi (g) /:f 

is a full matrix algebra over ki because the weight vector bundle pr*Vi <S> Cf^^^ 
on A^i is trivial by corollarv l3.8l this shows that A is central simple over k. 

iii - v) If V is a vector bundle of rank n and weight w on M, then the weight 
vector bundle Hom{Vf'^ ,V) on M and the right action of End{Vi)^^ on it descend 
to a right module M under the fc-algebra A"^"^ with dim^ (M) = n^" • n by lemma rO)! 
This defines a Morita equivalence between vector bundles V of weight w on A4 and 
finitely generated right A® ""-modules M; its inverse sends M to V := 7r*M (g) Vf ™ 
where the tensor product is taken over 'k*A^^ = F,nd{Vf'^). 

In particular, the category of finitely generated right ^-modules is independent 
of Vi (up to equivalence); this implies iii. According to the theory of central simple 
algebras, a right j4®'"-module M is determined up to isomorphism by dimfe(M), 
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and there is one with dimfe(A/) ~ ■ n if and only if the index of [A®™] divides 
n; this proves iv and v. 

vi) Here S = Spec(K) for a finite field extension K D k. There is a Poincare 
family £" on S* = Spec(X) if and only if the Gm-gerbe Mr ■= M. Spec (if) is 
neutral, i. e. if and only if its Brauer class i/^Mk ^ Bt{K) vanishes; the latter holds 
if and only if X is a splitting field for ipMi because tPmk — "^M ®fc K in general. 
By the theory of central simple algebras again, ipM G Br(fc) has a splitting field of 
given degree n over k if and only if its index divides n. □ 

Remark 3.11. If = Bmir^d, then ipM is precisely the Brauer class V-'r.d used by 
King and Schofield |5T', Def. 3.3]. The above lemma is based on their arguments. 

Remark 3.12. Much more information about vector bundles on Gm-gerbes, in par- 
ticular about their moduli spaces, can be found in M. Lieblich's work pglE^. 

Proposition 3.13. Suppose that there is a line bundle C of weight w G Z on an 
open substack =/= U ^ Buurx with deg(L) = 0. Then r divides w. 

Proof. Considering C ®kk instead of £, we may assume that k is algebraically 
closed. Then L is the r-th tensor power of a line bundle on C, tensoring with which 
defines an isomorphism Buur^o — Bun^^L- Hence we may also assume L ^ O. 

We denote by [C"] the point on Buur^o corresponding to the trivial bundle 
on C . Shrinking lA if necessary, we may suppose that lA is quasicompact; then we 
can extend £ to a neighbourhood of the point [C] as follows: 

Choose a quasicompact open substack W of Buur^o that contains U and [O^]. 
|2(il Cor. 15.5] allows us to extend £ to a coherent sheaf on U' , more precisely to 
a coherent subsheaf J- j^,C where j :U '—^ W is the open embedding. Then the 
double dual C := J-** is a reflexive coherent sheaf of rank one on the smooth stack 
U' and hence a line bundle, cf. (6, Chap. VH, §4.2]. 

Now C is a line bundle of weight w because its restriction £ to is so. In 
particular, the scalars C GL,. = Aut(C''') act with weight w on the fibre of 
£' over [Cj. But any one-dimensional representation of GL^ factors through the 
determinant, so its weight w is always a multiple of r. □ 

Corollary 3.14. We fix a line bundle L of degree Q on C , r,n> 1 and w G Z. 

i) There is a vector bundle V of rank n and weight w on some open substack 
9 C BuUr^L if and only if r divides w ■ n. 

a ) There is a Poincare family £ on some integral, generically finite scheme S of 
degree n over 58unr,L if and only if r divides n. 

Proof. If V is a vector bundle of rank n and weight w on 14, then C := det(V) 
is a line bundle of weight w ■ n; the 'only if in i thus follows from the previous 
proposition. According to lemma I3.1()l v. this means that r divides w times the 
index of the Brauer class w ■ ipi3unr,L ^ Br(fc(5Bunr,L)). 

On the other hand, the vector bundle £p"'^ of rank r and weight 1 on BuUr^L 
shows that the index of i/'Bun^,!, divides r. Due to [3 5.4], this impfies that the index 
of w -TpBurir L divides r/w if w divides r; together with the previous paragraph, this 
shows that the index of w ■ ipjsun^ l equals r/w if w divides r. 

For general w, the Brauer classes hcf (r, w) ■ ipisunr l w ■ ipisunr l have the 
same splitting fields because w lhcl{r,w) is invertible modulo r; hence the index 
r/hcf(r, w) of the former is also the index of the latter. Using this, i and ii follow 
from lemma IT^.l 01 V and vi. □ 
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4. Grassmannian bundles 

Given a vector bundle V on a stack over k, we denote by Gij{V) A4 the 
associated Grassmannian bundle of j'-dimensional linear subspaces for j < rk(V). 
Recall that this is a smooth representable 1-morphism of stacks over k whose fibre 
over the point of M corresponding to an object E of Ai{k) is the usual Grassman- 
nian scheme Gi j{V{E)). 

If ( , i) is a Gm-stack over k and V has some weight w S Z, then Gr^ (V) becomes 
a Gm-stack over k as well, because all linear subspaces of V{E) are invariant under 
the Gm-action given by t. If Ai is even a Gm-gerbe over k, then Gij{V) also is. 

Remark 4.1. There is a canonical 1-isomorphism Grj(V) Grj-kci^j-iC^"^"^') that 
sends each linear subspace of V{E) to its orthogonal complement in V(i?)'^"^^ 

Examples 4.2. We denote by Var^, [ the moduli stack of rank r vector bundles E 
on C with det(i<^) = L, endowed with a quasiparabolic structure of multiplicity m 
over the point P G C{k) in the sense of PHI. We recall that such a quasiparabolic 
structure can be given by a coherent subsheaf i?' C E for which E/E' is isomorphic 
to the skyscraper sheaf Op . 

i) Var^^i^ is canonically 1-isomorphic to GTm{{£p^")'^^^^) ^^^^ Burir^L- 

ii) Var^[^ is also 1-isomorphic to Grm(fp"''^) over Bunr ]^(^_^py 

Proof, i) The quasiparabolic vector bundle E* — [E' C E) is given by the vector 
bundle E together with a dimension m quotient of the fibre Ep. 

ii) E* is also given by the vector bundle E' together with a dimension m vector 
subspace in the fibre E'{P)p of the twisted bundle E'{P). Choosing once and for 
all a trivialisation at P for the line bundle Oc{P) identifies E'{P)p and E'p. □ 

In analogy with 21., the proof of our main result will use not only the above 
Hecke correspondence, but also the following slightly more involved comparison of 
Grassmannian bundles over different moduli stacks BuUr^L- 

Examples 4.3. Given j, ri, r2, r^ > 1 with ri+r^ — jr2 and line bundles Li, L2, L3 
on C with Li (g) 2^3 = Lf-', let M be the moduli stack of all exact sequences 

(10) 0^Ei^E2CS>kV ^Es^O 

in which is a vector space over k and Ei, E2, E3 are vector bundles on C with 
dim(V") = j and rk(i?y) = r^, det(i?y) = for = 1, 2, 3. More precisely, M{S) 
is the following groupoid for each fc-scheme S: 

• An object consists of a rank j vector bundle V on S, an object £1, of 
Burir^^L^iS) for ly = 1,2,3 and an exact sequence of bundles on C 

O^Ei — > £2®OsV ^ £3 — > 0. 

• A morphism consists of four vector bundle isomorphisms A : V ^ V and 
ip,y : £1, £1, v = 1,2, 3, such that the following diagram commutes: 

^ £1 ^ £2 <E)Os V ^ £3 ^ 

^ £[ ^ £^ ®os V ^ 5^ ^ 0. 
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A4 is algebraic over k because the forgetful l-morphism M Burir^.L^ x Vectj is 
representable (by suitable open subschemes of relative Quot-schemes) and of finite 
type. We have a strictly commutative diagram of canonical 1-morphisms 

Grj (Hom(£:p^, E^""'^)) X' C X D M" Gr^ (Hom(£:2™'', ■^^3"'')) 




in which $1.2, $2, 'i'2,3 are forgetful morphisms, 

• lAi^^v+i C Burir^^^L^ X •Su"-r„+i,L„+i is the open substack defined by the 
condition Ext^ {E^, E^+i) = 0, 

• M" C $^3(^2,3) is the open substack where : F — > Hom(i?2,i?3) is 
injective in ifTUIl . and T" sends such a sequence to the image of p*, 

• A^' C $^"2(^1,2) is the open substack where i* : V'^^^^ Ilom{Ei, E2) is 
injective in pU|) . and F' sends such a sequence to the image of i*, 

and the remaining four unlabelled arrows are canonical projections. We claim: 

i) r' and T" are open immersions. 

ii) If deg(L^+i)/r^+i-deg(Li,)/ri, > g-lforv= 1, 2 and j divides r^, deg(Li.) 
for v — 1,3, then A4' Ci J^" contains a /c-rational point. 

Proof, i) An open substack of Grj(Hom(£'2'"^, ^3'"^)) parameterises all linear sub- 
spaces W C Hom(£^2,i^3) for which the evaluation map ew : E2 W E3 is 
surjective. T" is in fact a 1-isomorphism over ^2,3 onto that open substack; its 
inverse sends such a linear subspace W to the sequence 

kei{ew) E2 (E)k W ^ E3 — > 0. 
Hence F" is an open immersion; considering E^]^^ and ^/^uai j^g^^gg^jj Qf j^^ ^nd V, 
it follows that F' is an open immersion as well. 

ii) Due to i and lemma [T31 it suffices to show Ai' f) A4" ^ 0. Thus we may 
assume that fc = fc is algebraically closed. 

In this case, we can choose a line bundle Li on C with Lf-' = Li; we define 
I/3 L2 (8) Lf"'^'. Instead of j, ri,r2,r3 and Li,L2,-^3, we consider j := 1, 
fi/ j,r2,r3/j and Li,L2,Ls. We denote the resulting moduli stack by M and the 
analogous open substacks by Ai' C A4 I) A4" . If Ai' n A4" has a /c-rational point 
El ^ E2 (^k V ^ E3 ^ 0, then taking the direct sum of j copies yields a 
/c-rational point of Ai' n Ai". Hence it suffices to treat the case j = 1. 

In this case j — I, oronosition 11.121 implies that the image of F" described above 
is nonempty; hence Ai" ^ 0. The dual argument shows Ai' 7^ 0. But the forgetful 
l-morphism A4 — > Bunr^,Lx x Vecti x BuUr^^L^ is smooth with all fibers irreducible 
due to lemma [T. 101 hence Ai is irreducible. This proves A^' n AI" 7^ here. □ 

Corollary 4.4. In the above notation, let the vector bundle E2 on C belong to a 
k -rational point ifTUI) of Ai' r\ Ai" . Then the Grassmanman Grj (Hom(i?2, £3"'^)) 
over the open substack 7^ {hl2,3)E2 ^ BuUr^^L^ is birational to the Grassmannian 
Grj(Hom(f i?2)) over the open substack / {Ui,2)e2 Q BuUr^^Li- 
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Proof. Both Grassmannian bundles contain as a nonempty open substack the fibre 
of the forgetful 1-morphism $2 : M' n A4" Burir^^.L^ over E2. □ 

Lemma 4.5. Suppose that V and W are two vector bundles of the same weight w 
on an irreducible Gm-gerbe A4 over k, and let j < rk(V) be given. 

i) Gyj{V ® W) IS birational to A^''^^^^ x Gij{V). 

a) Grj-+i.k(w)(V©yV) is birational to A"" x Grj(V) with s := (rk(V) - j) •rk(W). 

Proof, i) Let ^ Z// C Gr^ (V W) be the open substack that parameterises all 
the j-dimcnsional vector subspaces of V{E) © yV{E) whose image 5* in V{E) still 
has dimension j. Each of these subspaces is the graph of a unique linear map 
S W{E). Denoting by 5""'^ C p*V the universal subbundle onp: Gtj{V) M, 
this defines a canonical 1-isomorphism between U and the total space of the vector 
bundle 77om(5"'"^,p*W) on Grj(V). The latter has weight because 5""^'^ and 
p*yV both have weight w; hence corollar v 13 . 81 applies to it. 

ii) follows from i by applying remark f4 . 1 1 twice . □ 

Proposition 4.6. Let L be a line bundle of degree on C . Let V be a vector bundle 
of rank n and weight w on an open substack $ ^ U C Bun^.L, and let j < n. 

i) If r divides w ■ j, then Grj(V) is birational to A-''^"^^^ x BuUr^L- 

ii) If w € {0, ±1}, then Grj(V) is birational to A'* x Gr„i(fp"'^) for some s, 
where m 6 {0, 1, . . . , r — 1} is the remainder of w ■ j modulo r. 

iii) If r and w ■ j are coprime, then Grj(V) is stably birational to Gri(fp"'^). 

Proof. Note that r divides w ■ n due to corollarv l3.14l i. 

i) Corollarv l3.14l i also implies that there are weight w vector bundles V" and W 
of rank j and n — j on some open substack ^ W C BuUr^L- According to lemma 
IH.lOl iv. we have V = V" © W on some nonempty open substack ofU CiW; hence 
Grj (V) is by lemma|131i birational to A^^""^) x Grj (V') = A^'""^) x W. 

ii) The case w = follows from i. Using remark im it suffices to treat the case 
w = 1. Here lemma r^.lOl iv allows us to assume V = (fp"^ )"/*". Then Grj(V) is by 
lemmaESlii birational to A"' x Gr,„(V') for some s' with V (£:univ)(«-j+m)/r^ 
Now the claim follows from lemma IT!Kl i. 

iii) Let the algebraic stack M. be the fibred product of p : Grj(V) U and 
q : Gri(f]i,"'^) ^ U. Denoting by 5^"'^ C p*V the universal subbundle, det(5"'"^) 
is a line bundle of weight w ■ j an. Grj(V), whereas p* det(fp"^) is a line bundle of 
weight r; since these weights are coprime, there also is a line bundle £ of weight 1 
on Grj (V). Applying corollarv l3.8l to £'^"'''(X)p*fp"'^, we see that the Grassmannian 
bundle M ^ Gvi{p* Ef"'") over Grj(V) is birational to A'^-^ x Grj(V). 

On the other hand, the universal subbundle of g*fp"''^ is a line bundle of weight 
1 on Gri(fp"''^); applving 13.81 as above, we see that the Grassmannian bundle 
M = Grj (Vv) over Gri(£:]!,'"^) is also birational to AJ("-J) x Gri(£:]!,'"^). □ 

Remarks 4.7. i) Amitsur's conjecture 1, p. 40] about generic splitting fields of 
central simple algebras would allow to remove 'stably' in iii if j = 1 and n — r. 
(Indeed, both Grassmannians contain neutral G„i-gerbes as open substacks here, 
and their coarse spaces have isomorphic function fields according to the conjecture.) 

ii) If w ^ {0, ±1} and r neither divides nor is coprime to w ■ j, then the index of 
the Brauer class V'GrjCi;) need no longer coincide with its order in the Brauer group, 
according to j3X, for j = 1 and to j^, jSHl for general j. Thus there seems to be no 
direct generalisation of iii to this case. 
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5. Proof of the main theorem 



Theorem 5.1. Let L be a line bundle of degree d on C . We consider an open 
substack 9 Ui C_ BuUr^L o-nd a tower of Grassmannian bundles 

M = Gr^^ (Vt) — >Ut<^ GrjT-i (Vt-i) — "Ut-i--- Gr^, (Vi) — >UiC BuUr^L 

where Vt is a vector bundle of weight Wt £ {0, ±1} and rank Ut > jt on hit for each 
t, and 7^ Ut+i C Grjj(Vt) is again an open substack. 

Let h denote the highest common factor of r,d,wi • ji, . . . , wt ■ jr- Then A4 is 
birational to x BuuhXa for the degree line bundle Lq := L{—dP) on C with 



Proof, i) We start with the case h ~ r, i. e. r divides d and Wiji , . . . , wtJt- We have 
a l-isomorphism BuUr^Lo ^ BuUr^L defined by sending each vector bundle E on C 
to its twist E{^P); hence we may assume d = without loss of generality. Then 
Grjj(Vi) is birational to A^i("-i~-'i) x BuUr^Lo due to proposition 14. 61 i: replacing k 
by the function field of A-'i("i~-'i^ and iterating, the theorem follows here. 

For the remaining case h < r, we use induction on r/h. We first consider the 
case that r divides d and denote by t < T the smallest index for which r does not 
divide Wtjt- Then Ut is birational to A^^^ x BuUrXa for some Si by the previous 
paragraph; replacing k by the function field of A'*^ , we may assume si = and 
t = 1, i. e. Wi C BuHr.Lo and r does not divide wi ■ ji. Here proposition l4.6l ii makes 
U2 birational to A'*^ x Gvm{£™^^^) for some S2, where m G {1, . . . , r — 1} is the 
remainder of Wi ■ ji modulo r. Again, we can achieve S2 = by changing k. But 
then IJ2 is also birational to Gr,„((f p"''^)'^"'*') Bunr^Lo(mP) by the examples 14.21 
Thus we may assume for the induction step that r does not divide d. 

Let j be the highest common factor of r and d; then r/j > 1. According to 
elementary number theory, there is a unique integer r2 with r/j < r2 < 'ir/ j such 
that r2(i = j mod r; we then define (i2 G Z by the equation 

(11) {1 - g)r2r + r2d - rd2 = j 

and put L2 :— Oc{d2P)- Now we claim that the hypotheses of 14.31 ii are satisfied 
with ri := jr2 — r < r , r^ := r and Li := L'^"'*'(jc?2-P), is := L: 

Only the two inequalities in I4.3l ii are not obvious, but d/r — ^2/^2 > g — 1 
follows from Hll|) . and then d2/r2 — di/ri > 17 — 1 for di :— deg(Li) follows from 
the computation 

rid2 - r2di = (jr2 - r)d2 ~ r2{jd2 - d) ^ r2d - rd2 > {g - l)r2r > {g - l)rir2. 
Hence corollary 14.41 applies for some vector bundle E2 on C of rank r2 and 
determinant L2. It yields that Grj(Hom(f £^2)) over {Ui^2)e2 ^ BuUr^Xi is 
birational to Gr^ of the vector bundle Hom(£'2, f "'^'^) on {U2.3)e2 ^ BuUr^L whose 
rank is j by Hll|l : thus it is birational to Bun^^L itself. Example 12.71 shows that 
BuUr^^Li — Bunj,^ i^(^_j^^py, now we can apply the induction hypothesis, observing 
that ri < r and hcf (ri, c?i, j) = j = hcf(r, d). □ 

Keeping the notation of theorem 15.11 for a while, let ^ W C be an open 
substack which is a Gm-gerbe, and let tt : W — > il be its coarse space. 

Corollary 5.2. i) il is birational to A'* x ^unh,Lo over k. 

ii) If h = 1, then il is rational over k. 
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iii) If g = h ^ 2 and char(fc) — 0, then il is rational over k. 

Proof, i) is a consequence of theorem 15 . II and lemma l^.lll iii. 

ii) follows from i, since ^uwixo — Spec(fc). 

iii) Using i, it suffices to show 5Bun2,Lo — equivalently Sun2,L(,(2P) — P"^- 
Since C, L and P are defined over a finitely generated extension field of Q, we may 
assume fc C C. Example 13.71 yields a determinant fine bundle £dct on 58un2,L„(2P); 
we claim that its dual is very ample and that the resulting projective embedding is 
an isomorphism onto P"^. To check that, we may replace k by its extension field C; 
then the claim holds by 31, §7] and 3, Prop. 2.5]. □ 

Corollary 5.3. With il and h as above, the following are equivalent for n G N; 

i) There is an integral, generically finite scheme S of degree n over il that 
admits a Poincare family £ on S. 

ii) h divides n. 

In particular, there is no Poincare family on any open subspace of ii if h ^ 1. 
Proof. Combine theorem 15 . 1 1 with corollarv l3.14l ii. □ 

Corollary 5.4. Let A4 and h be as in theorem \5.1\ similarly for A4' and h' . If 

h ^ h' , then the stacks M and A4' are not stably birational. 

Proof. Suppose that A'* x and A* x M' have a common open substack U 
We may assume that Wis a. G,„-gerbe; let U be its coarse space. Due to the previous 
corollary, h and h' both coincide with the minimal degree of integral, generically 
finite schemes 5* over il that admit a Poincare family; hence h = h'. □ 

Remark 5.5. Nevertheless, coarse spaces for M and M' might be stably birational 
for some h ^ h' , as is the case for char(fc) = 0, g — 2 and /i = 1, /i' = 2 by corollary 
15.21 All that l5.4l savs is that an eventual proof of stable birationality for the coarse 
spaces has to contain arguments that do not carry over to the stacks. 

Corollary 5.6. Let M. and h be as above; let n E N and w E Z be given. Then 
there exists an open substack 7^ W C and a vector bundle V of rank n and 
weight w on U if and only if h divides w ■ n. 

Proof. This follows directlv from theorem l5.1l lemma l2.8| and corollary ITT^ i. □ 

Example 5.7. Let £> C C(fc) be a finite set of points on our curve C. We consider 
vector bundles E on C with fixed rank r and degree d, endowed with a quasi- 
parabolic structure with fixed multiplicities mi(P), . . . , mi{P) at each point P E D. 
Let *Par^j^^ be their coarse moduli scheme for some given weights ai, . . . , a;, as 
introduced in |3()j . Then the above implies in particular: 

i) All fibers of det : *Par^^'^ Pic''(C) are rational if the highest common 
factor h oi r, d and all multiplicities mi{P) is 1. (This generalises |F.) 

ii) There is a Poincare family on some nonempty open subscheme of *Par^^^ 
if and only if = 1. 

Example 5.8. Concerning the coarse moduli scheme *Bunr,L of vector bundles with 
fixed determinant L of degree d, the above reproves the rationality theorem of 
King and Schofield |2] and the non-existence theorem for Poincare families due to 
Ramanan |34|. Moreover, we get the following additional information: 
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i) There is an integral, generically finite scheme of degree n over *Bun,-,L with 
a Poincare family if and only if hcf(r, d) divides n. 

ii) For a fixed vector bundle F on C, the minimal dimension of dini/j Hom(_F', E) 
for rank r, determinant L vector bundles _B on C is a multiple of hcf(r, d). 

(ii follows from 15.61 and example II. 11 1 ii. For F generic, it also follows from the the- 
orem of Hirschowitz 17 that Hom(F, E) = or Ext^(_F, E) = for E, F generic.) 

Example 5.9. Given a closed subscheme (I) ^ D <^ C, we consider rank r vector 
bundles E on C with det{E) = L, endowed with a level structure at D, i. e. with 
a nonzero morphism E . Let £eO^ be the coarse moduli scheme of such E 

with level structure which are stable in the sense of [HH|- Then £eD^^ is rational. 

Proof. Let V be the vector bundle of weight —1 on BuUr^L whose fibre at any 
point [E] is HomodE, O^). Then £eti^^ is the coarse space associated to an open 
substack of Gri(V); hence it is rational by corollarv l5.2l ii above. □ 

More generally, the above results can be applied in a similar way to stable pairs 
on C in the sense of Huybrechts and Lehn I19| . and to other sorts of augmented 
bundles on C in the sense of '7. ; we mention: 

Example 5.10. A coherent system {E, V) of type (r, d, n) consists of a rank r, degree 
d vector bundle ii^ on C and an n-dimensional vector subspace V C ]i^{E), cf. [Tfj . 

or 122. Assuming fc = C, n < r, < d and n < d + (r - n){g - 1), let Co()"rf 
be the coarse moduli scheme of such coherent systems which are a-stable for the 
largest possible value a = d/{r — n) — e oi the stability parameter a G M [71 §3]. 
Then Cof)"^; is birational to A'' x Sun^.o for h hci{r,d,n) and some s G N. 

Proof. Let V be the vector bundle of weight —1 on Bun'^*^^^ ^ whose fibre at any 

point [E'] is Ext^(£;', Oc); note that Hom(£;', Oc) = due to the stability of E', 
so V is indeed a vector bundle of rank d+{r — n){g — l) > n. The coarse space of the 
Grassmannian Grji(V) over Bunf"^^ ^ is birational to Col)"^; according to the proof 
of [HI Thm. 4.5]; now apply corollarv l5.2l i over the function field of Pic''(C). □ 

Example 5.11. Let SDT"^; C 5Bunr,d be the Brill-Noether locus of vector bundles E 
on C with dim/j H°(£^) > n. Assume n = 1 or that C is a Petri curve and n e {2, 3}. 
If /c = C, n < r and < c? < r{g — 1) + n, then 5B0T"^ is birational to A'' x ^unh,o 
for h :— hcf (r, d, n) and some s S N (or empty if n = 3, r = 4, d = 1 and g — 2). 

Proof. Here SOT"^ is birational to Cof)",;, according to |9i Section 11.2]. □ 

There seems to be no easy generalisation of theorem 15. II to weights w ^ {0, ±1}, 
mainly because an analogue of the Hecke correspondence 14.21 is missing; cf. also 
remark ETzl But at least, we have the following: 

Corollary 5.12. Let L be a line bundle of degree d on C , let V be a vector bundle of 
weight w on an open substack % Q Bun^^L, and let j < rk(V). Ifr, d and w ■ j 
have no common factor ^ ±1, then Grj(V) is stably birational to Buni j^ — BGm. 

Proof. Replacing r by hcf (r,(i) and A; by a rational function field over fc, theorem 
15.11 allows us to assume d = without loss of generality. This case follows from 
proposition I4.()l iii and theorem 15.11 again. □ 
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Example 5.13. Over fc = C, let p : GL(r) GL(V^) be an algebraic representation 
that maps the center Gm Q GL(r) to the center Gm Q GL{V) with weight w E Z. 
Let M be a line bundle on C. We consider vector bundles E of rank r and degree 
d on C which are decorated in the sense of A. Schmitt [36|, i.e. endowed with an 
element of PHom(£'p, M) where Ep is the vector bundle on C with fibre V associated 
to the GL(r)-bundle given by E. 

We fix a stability parameter S > and choose M of sufficiently large degree such 
that the resulting coarse moduli scheme Dec^'^ of (5-stable decorated vector bundles 
is irreducible by [361 Thm. 3.5]. If r,d and w have no common factor ^ ±1, then 
the generic fibre of det : Secf^ ^ Pic'' (C) is stably rational. 
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